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We propose an initial-state-dependent quantum-dot gain without population inversion in the vicinity of a
resonant metallic nanoparticle. The gain originates from the hybridization of a dark plasmon-exciton and is
accompanied by efﬁcient energy transfer from the nanoparticle to the quantum dot. This hybridization of the dark
plasmon-exciton,attachedtothehybridizationofthebrightplasmon-exciton,strengthensnonlinearlight-quantum
emitter interactions at the nanoscale, thus the spectral overlap between the dark and the bright plasmons enhances
the gain effect. This hybrid system has potential applications in ultracompact tunable quantum devices.
DOI: 10.1103/PhysRevB.89.245433 PACS number(s): 78.67.Hc,42.50.Gy,73.20.Mf,78.67.Bf
I. INTRODUCTION
With the development of nanotechnology, hybrid nanos-
trucutres from different photonic entities have attracted funda-
mental research interest, as they possess strong functionality
that can far exceed that of the individual subunits [1,2].
For dispersive and absorptive plasmon nanostructures whose
coupling coefﬁcient generally lies between weak and strong
couplingregimes,localﬁeldeffectsofsurfaceplasmonsenable
plasmon-exciton hybridization in a closely packed quantum
dot (QD)–metallic nanoparticle (MNP) system [3–13]. In the
pioneering work by Zhang et al. [3], the plasmon-exciton
interaction model included a feedback (i.e., self-interaction of
theQD)setup.Severalopticalphenomenahavebeenpredicted
from the hybrid mechanism, such as modiﬁed absorption
spectra [3], tunable single-photon properties [4], enhanced
Kerrnonlinearity[5,6],andcontrollablepopulationandenergy
transfer[7,8].Darkplasmons,whicharenonradiativelocalized
surface plasmon modes by virtue of having nonvanishing
dipole moments [14], have more localized ﬁelds and store
more energy than radiative bright modes [15,16]. Generally,
dark plasmons cannot be excited by a plane wave [17,18].
In hybrid QD-MNP systems, without being attached to
bright plasmon-exciton hybridization, dark plasmon-exciton
hybridization cannot exist. Thus dark plasmon-exciton hy-
bridization strengthens the nonlinear light-quantum emitter
interaction and provides a novel means to tailor optical
properties at the nanoscale.
Here, we propose a unique mechanism which utilizes the
hybridization of a dark plasmon-exciton to induce QD gain.
The interaction processes in this hybrid system (Fig. 1) can
be described as follows. When incident light (I) resonantly
couples to the system, it excites the dipole of transition
|2 ↔| 3  (μ
QD
23 ) and the bright plasmon of MNP (BMNP)
simultaneously. Since the QD and MNP are very close,
generally 10–20 nm, μ
QD
23 will excite BMNP and dark plasmons
(DMNP) due to the overlap of the spectral width between the
bright plasmon and dark plasmons. Then these excited modes
*ygu@pku.edu.cn
BMNP and DMNP will retroact on the QD. In other words,
besides I → μ
QD
23 , there are two other pathways to act on the
QD:I → BMNP → μ
QD
23 andμ
QD
23 → BMNP + DMNP → μ
QD
23 ,
whichimpliesthatwithouttheexcitationofbrightplasmonsor
the QD exciton, the dark plasmons cannot be directly excited.
The strong retroaction of these dark plasmons on the QD leads
to the gain without population inversion in the QD.
Gain without inversion (GWI) originating from quantum
coherence effects was ﬁrst proposed in coherent atomic en-
sembles [19–21]. Recently, GWI was experimentally realized
in single nanostructures including a quantum well [22] and a
QD [23].Here, using hybridization of adark plasmon-exciton,
an initial-state-dependent GWI effect in the hybrid three-level
QD-MNP system is demonstrated. It is, in principle, different
from previous work in that, through the self-interaction of the
QD, the dark plasmons resonantly transfer the energy from the
MNP to the QD to form gain without population inversion.
The extent of the spectral overlap between dark and bright
plasmons determines the magnitude of gain, while higher
order dark plasmons lead to a larger gain regime. Such hybrid
QD-MNP systems may ﬁnd applications in ultracompact
active quantum devices.
The paper is organized as follows. In Sec. II we present
the theoretical model of the hybrid system, which includes the
feedback of dark plasmons of the MNP. We solve this model
both in the steady state and dynamically. The phenomenon
of QD GWI and its features are presented in Sec. III.W e
analyze the physical mechanism in Sec. IV and ﬁnd that the
hybridization of dark plasmons and the exciton plays a vital
role. In Sec. V we discuss the feasibility of experimental
realization of the proposed mechanism. Finally, we present
our conclusions in Sec. VI.
II. INTERACTION MODEL WITH
DARK-PLASMON FEEDBACK
We consider a hybrid system composed of a  -type
three-level QD and a metallic nanosphere with radius a,
separated by distance R, embedded in a dielectric host with
dielectric constant εb, as shown in Fig. 1. In ladder and V-type
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FIG. 1. (Color online) Schematic of a hybrid system composed
of a  -type three-level QD and a metallic nanosphere.
QD-MNPhybridsystems,plasmon-inducedtransparency[24]
and a shift of the transparency windows [25] in the absorption
spectra of MNPs have been predicted. In our system, only
one transition, |2 ↔| 3 , is on-resonance with the MNP
surface plasmons, and the other transition, |1 ↔| 3 ,i s
off-resonance. The system is driven by a weak probe ﬁeld,
Ep cos(ωpt), coupling to |1  and |3  and a strong control ﬁeld,
Ec cos(ωct), exciting both the transition |2 ↔| 3  and the
surface plasmon resonance of the MNP. It is assumed that
the dimensions of the system are signiﬁcantly smaller than
the wavelength of incident light, so we can use the quasistatic
approximation and ignore retardation effects in the system.
The positive-frequency component of the electric ﬁeld felt
by the transition |2 ↔| 3  can be divided into three parts:
E
+
23 = (E
+
1 + E
+
2 + E
+
3 ρ32)e−iωct, where E
+
1 =
Ec
2 ; E
+
2 =
a3Ec
R3 α1(ωc), with α1(ωc) = [εm(ωc) − εb]/[εm(ωc) + 2εb] and
εm being the dielectric constant of the MNP, which comes
from the polarization ﬁeld of the MNP induced by the
control ﬁeld; and E
+
3 ρ32 =
∞
n=1
(n+1)2a2n+1μ23ρ32
4πε0εbR2n+4 αn(ωc), with
αn(ωc) =
εm(ωc)−εb
εm(ωc)+ n+1
n εb anddipolemomentμ23,whichdescribes
the feedback that the QD received from the MNP. Multipole
effects of the MNP have been shown to cause spectral
shifts and modiﬁcation of the Fano line shape [11,12].
But for the parameters used in this work, the effects of
modes of n>1 belong to dark plasmon-exciton hybridiza-
tion from the spectral overlap between bright and dark
plasmons.
Inthedipoleandrotating-waveapproximations,theHamil-
tonian of the hybrid system in the interaction picture has the
form
H = ( p −  c)σ22 +  pσ33
−[( 
 
c + Gcρ32)σ32 + H.c.] − ( pσ31 + H.c.), (1)
where  
 
c =  c +
μ23E+
2
 and Gc =
μ23E+
3
 , with drive and
probe Rabi frequencies  c =
μ23E+
1
 and  p =
μ13Ep
2 ;  c =
ω3 − ω2 − ωc and  p = ω3 − ω1 − ωp are the control and
probe light detuning, σij =| i  j|. Then the dynamics of the
system are governed by the master equation:
˙ ρ11 =− i pρ13 + i ∗
pρ31 +  31ρ33,
˙ ρ22 =− i( c + Gcρ32)ρ23 + i( ∗
c + G∗
cρ23)ρ32 +  32ρ33,
˙ ρ31 =− i pρ31 + i( c + Gcρ32)ρ21 − i p(ρ33 − ρ11)
− 1
2γ31ρ31,
˙ ρ32 =− i cρ32 + i pρ12 − i( c + Gcρ32)(ρ33 − ρ22)
− 1
2γ32ρ32,
˙ ρ21 =− i( p −  c)ρ21 − i pρ23 + i( ∗
c + G∗
cρ23)ρ31
− 1
2γ21ρ21, (2)
with ρ11 + ρ22 + ρ33 = 1, ρij = ρ∗
ji.H e r e 31 and  32 de-
scribe the spontaneous decay rates from state |3  to states
|1  and |2 . We also introduce energy-conserving dephasing
rates γ3d and γ2d of states |3  and |2 . For convenience, we
deﬁne coherence decay rates as γ31 =  31 +  32 + γ3d, γ32 =
γ31 + γ2d, and γ21 = γ2d. This set of equations resembles the
dynamics of the EIT system in the R →∞limit [26]. In the
following, we solve these equations both in the steady state
and dynamically.
We note that the self-interaction term Gcρ32 in the Hamil-
tonian, which is a result of plasmon-exciton hybridization,
leads to nonlinear elements in the set of equations of ρ,
which may cause the coexistence of multisolutions. In this
regime of a hybrid two-level QD-MNP system, the strong and
nonlinear self-interaction of a QD leads to several interaction
regions where the double-peaked Fano structure, bistability,
and discontinuities in the absorption spectra can occur [9,10].
Here, we ﬁnd that there are at most three solutions for certain
parameters. The ﬁrst solution is the general EIT solution,
where most of the population is trapped in state |1  due to the
near-ﬁeld action on the QD, thus ρ32 is extremely small and
the effect of self-interaction becomes negligible. The second
solution is unstable; that is, even though the initial state is
very close to this solution, the ﬁnal state still evolves to
the ﬁrst or third solution. The third solution appears when
the self-interaction term Gcρ32 is large and strong nonlinear
interaction leads to gain of the applied ﬁeld in the transition
|2 ↔| 3 , shown as the upper (red) curve in Fig. 2(a).T h e
evolutionsofthethreesolutionsaredescribedintheAppendix.
III. QUANTUM-DOT GAIN WITHOUT INVERSION
Figure 2 displays the typical GWI phenomenon in
the hybrid system. Here, the gain of applied light on
the transition |2 ↔| 3  is expressed as the imaginary
part of −2ωc cρ32 and the absorption of MNP is
2ε0ωcIm[εm(ωc)]

 E
+
MNPE
−
MNP dV, with  ··· denoting the
average over time and E
+
MNP (E
−
MNP) being the positive
(negative)-frequency component of the electrical ﬁeld inside
theMNP[3,11].Thedielectricconstantofsilvernanoparticles
εm(ω) is taken from experimental data [27] and εb = 1. For
the QD, we take the resonant energy between |2  and |3 
to be 3.47 eV, which is within the plasmon peak of a silver
MNP in vacuum (3.5 eV) [28]. Other parameters are set
as follows:  31 =  32 = 2 × 109 s−1 ≡  , γ2d = 0.001  and
γ3d = 0, and μ23 = 0.5 enm. When scanning the probe light,
gainofthecouplinglightappearsuponthetransition|2 ↔| 3 
[see upper (red) curve in Fig. 2(a)], which originates from a
strong nonlinear interaction between the QD and the MNP. In
the high-gain regime there is a large decrease in the absorption
spectrumoftheMNP[lower(red)curveinFig.2(b)]compared
totheenergyabsorptionwithouttheQD[dotted(green)curve],
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FIG. 2. (Color online) Gain without population inversion. (a) QD gain in the transition |2 ↔| 3  and (b) energy absorption in the MNP
for trivial EIT (black curve) and GWI [horizontal (red) line] solutions. The dotted (green) curve is the energy absorption in the MNP
without the QD. (c) QD population for the GWI solution. ρ22 >ρ 11   ρ33. (d) QD population dynamics. The initial state is set to be
|ψ(0) =
√
7
10|1 +
√
3
10|2 . Dashed and dotted curves show the steady population of the GWI solution. System parameters: a = 8 nm,
R = 12 nm,  p = 0.005 ,  c = 0.5 ,  c = 0, and  p =− 0.5 [only for (d)].
signifyinganefﬁcientenergytransferfromtheMNPtotheQD.
The population distributions in the gain regime are shown in
Fig. 2(c), where the gain without population inversion occurs;
i.e., ρ22 >ρ 11   ρ33. In fact, there is almost no population in
state |3 .A t p/ = 3.3, there also exists a gain in the trivial
solution (black curve) where there is no population inversion,
in agreement with the previously reported gain results [8].
Unlike previously reported GWI in atomic and pure QD
systems [19–23], GWI in the hybrid QD-MNP system comes
fromthethirdsolutionofnonlinearequations ˙ ρ,thusitisinitial
state dependent. This means that, through a deterministically
prepared QD initial state, whether or not gain appears can be
controlled. The strongly tunable gain could be exploited for
ultracompact QD lasers or quantum logic gates. Figure 2(d)
displays the evolution of ρ11 and ρ22 as a function of time  t.
It is shown that even when state |1  is initially populated at
70%, the system evolves to ρ22 >ρ 11 in the solution of GWI.
Further details about the dependence of the GWI on the initial
state can be found in the Appendix.
IV. EFFECTS OF DARK PLASMON-EXCITON
HYBRIDIZATION
In order to explore the underlying mechanism responsible
fortheretroactionofthedarkplasmonsontheQDwhichleads
toGWI,theenergyabsorptionoftheMNPexcitedbyanearby
dipole and the corresponding gain are plotted in Fig. 3.T h e
nearby dipole resembles the dipole μ23 (ρ23 + ρ32)o ft h eQ D .
As shown in Fig. 3(a), this dipole excites not only the bright
plasmon, but also the dark plasmons, both of which feedback
on the QD. The extent of the overlap between the bright
plasmon and the dark plasmons determines the magnitude and
extent of the gain regime [Figs. 3(b)–3(d)]. At ω32 = 3.53 eV,
theoverlap reachesthemaximum, leadingtoagainmagnitude
morethantwicethatatω32 = 3.47eV[markedbythemagenta
points in Fig. 3(b)].
To understand further how the hybridization of the dark
plasmon-exciton contributes to the GWI, we investigate the
gain by considering one bright plasmon only (N = 1), one
bright and one dark plasmon (N = 2), and so on. As shown in
Figs. 3(c) and 3(d), when N = 1, i.e., only the retroaction of
the dipole mode on the QD is considered, the gain is negative
(signifying absorption). Gain starts to appear only when we
take the effect of dark plasmons into account. N = 10 means
that we consider the sum of 10 orders of plasmons (almost
approaching the limit of N →∞ ). For the frequency ω32 =
3.47 eV, as N increases both the gain and the range of the gain
regime increase and when N →∞they reach the maximum
[Fig. 3(c)]. However, for ω32 = 3.53 eV in Fig. 3(d), with
increasing N there is eventually a fall after the initial rise in
the gain, leading to the observation that higher order plasmons
do not necessarily correspond to a larger gain.
The population distribution for the GWI solution can be
understood in the following way. Assume that ρ33 ≈ 0 and
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FIG. 3. (Color online) MechanismofusingtheretroactionofdarkplasmonstoproducetheGWI.(a)EnergyabsorptionofMNPcontributed
by a bright plasmon (dipole mode) and dark plasmons (quadruple mode, octuple mode, etc.), which are excited by a nearby dipole. (b) QD
gain as a function of the overlap of bright and dark plasmons. QD gain for (c) ω32 = 3.47 eV and (d) ω32 = 3.53 eV obtained by considering
the bright mode only (N = 1), both dipole and quadruple modes (N = 2), and higher order modes (N = 4,5,6,10). Other parameters are the
same as in Fig. 2, except that  p = 0.001 and  c = 0.
ρ21 ≈ 0; we obtain that Gcρ32 ≈−  
 
c, which means that the
self-interaction Gcρ32 has a π phase shift relative to the  
 
c,
thus these two parts interfere destructively and cancel each
other tosomedegree. Finally,thenet ﬁeldfeltbythetransition
|2 ↔| 3 isfarlessthantheﬁeldintransition|1 ↔| 3 ,which
explains why the population in level |1  is less than that in
level |2 .
FIG. 4. (Color online) Optimal distances of GWI for different-
sized MNPs. Other parameters are the same as in Fig. 2 except that
 p = 0.001.
Subsequently, we found that with varying distance R (for
ﬁxed MNP radius a), there is a maximum in the gain curve,
signifying the optimal distance for the GWI (see Fig. 4). It is
alsofoundthatincreasinga increasestheoptimalR,e.g.,when
a is increased from 7 to 9 nm the optimal R increases from
10.5 to 14 nm. Additionally, increasing R leads to increased
gain due to the hybridization of higher order dark plasmons
with the exciton, which can contribute to gain effects.
The gain of the control light can be obtained only when the
probedetuningentersthegainregime.Thisallowsustoturnon
oroffthegaineffectusingtheprobeﬁeld.Thegainregimecan
bemodulatedeffectively.Itisfoundthat,when p isextremely
small, the gain regime is not separately relevant to the values
of  c and  p, but to the ratio between them. The gain regime
broadens when the ratio  c/ p is decreased (Table I). For
the same distance, the larger MNP with higher order dark
plasmons generally has a wider gain regime (Table II). As
R increases, the gain regime narrows and, ﬁnally, vanishes
because the coupling between the QD and plasmons of the
MNP becomes weak.
TABLE I. The gain regime  p/ of the QD for different  c/ p
and R values. Other parameters are the same as in Fig. 2.T h e0
denotes that no gain regime was found.
 c/ p R = 12 nm R = 13 nm R = 14 nm R = 15 nm
100 (−2.74, 2.74) (−1.57, 1.57) (−0.80, 0.80) 0
75 (−3.76, 3.76) (−2.27, 2.27) (−1.39, 1.39) (−0.72, 0.72)
70 (−5.75, 5.75) (−3.59, 3.59) (−2.36, 2.36) (−1.56, 1.56)
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TABLE II. The gain regime  p/ of the QD for different a and
R values. Other parameters are the same as in Fig. 2. A 0 indicates
that no gain regime was found.
a (nm) R = 12 nm R = 13 nm R = 14 nm R = 15 nm
7( −1.87, 1.87) (−1.04, 1.04) (−0.24, 0.24) 0
8( −2.74, 2.74) (−1.57, 1.57) (−0.80, 0.80) 0
9( −4.60, 4.60) (−2.39, 2.39) (−1.32, 1.32) (−0.56, 0.56)
V. DISCUSSION OF EXPERIMENTAL FEASIBILITY
We now discuss the experimental feasibility of the hybrid
system. First, three-level   systems can be realized in self-
assembled InGaAs QDs charged with a single spin under an
externalappliedin-planemagneticﬁeld(Voigtgeometry)[29].
In this scenario, Zeeman split single-spin states form the two
ground states of the   system, each of which is dipole coupled
withorthogonallinearpolarizationstoacommonexcitedtrion
state. Coherent population trapping has been achieved with
single-hole spins in single QDs [30,31] and electron spins in
single [32] or coupled QDs [33]. In these InGaAs QDs, ω32 ∼
1.3 eV and ω21 ∼ 0.1 meV. To match the speciﬁc   system
considered in this report, ω32 could be increased to ∼3.5 eV
using a different materials system (e.g., GaN QDs [34]) and
ω21 could be increased signiﬁcantly by working with larger
magnetic ﬁelds and engineering larger g factors (e.g., with
QD molecules [35]). Here the QD is treated as point-like and
its mesoscopic character is neglected, for simplicity. After
taking the mesoscopic size of QD into account, the interaction
between QD and MNP can be enhanced through appropriate
arrangement [36]. The shortcoming may be that because of
the fast spatial decay of the near ﬁeld of plasmon, it is difﬁcult
to locate the QD very close to the MNP surface, which would
inevitably lead to degradation of the QD quantum efﬁciency
and dephasing [36,37]. Though we have used the QD during
our calculation, the mechanism proposed in our paper is not
restricted to the QD only. Other alternative three-level  
systems with a large dipole moment, such as single organic
molecules [38], may be considered.
Then the MNP and QD coated with DNA molecules
can self-assemble [39] into individual QD-DNA-MNP com-
plexes [40] and hybrid planet-satellite nanoclusters [41]. The
distance between the QD and the MNP is tunable by using
different numbers of DNA bases [40,41]. In addition, one
can use scanning tunneling microscopes and atomic force
microscopestomanipulateandassembledifferentcomponents
atthenanometerscale[1].QuenchingofQDﬂuorescence[40]
and second harmonic generation [42] in hybrid the QD-MNP
system have been experimentally investigated. Finally, the
measurements of the hybrid system could be made either with
a simple confocal microscope or based on nanoﬁber-based
optical sensors [43,44].
VI. CONCLUSIONS
In summary, we have found the QD gain without pop-
ulation inversion induced by the hybridization of a dark
plasmon-exciton in a hybrid three-level QD-MNP system.
The gain mechanism is unique to previously reported GWI; it
FIG. 5. (Color online) Real (left) and imaginary (right) part of
ρ31. Three steady solutions appear for the parameters a = 8 nm, R =
12 nm,  p = 0.005 ,  c = 0.5 , ω32 = 3.47 eV, and  c = 0.0.
originates from the retroaction of dark plasmons, expressed
as an efﬁcient energy transfer from the MNP to the QD.
We have also discussed how this hybridization, in various
parameters, affects the extent and magnitude of the gain
regime.Darkplasmon-excitonhybridizationinthehybridQD-
MNPsystemwillhavefar-reachingeffectsinthegenerationof
single photons and nonlinear optical properties. Moreover, the
ultrasmallstructuresandexcellentcontrollabilityofthehybrid
system provide opportunities for applications in ultracompact
QD lasers, quantum logic operations, solar cells, and light-
emitting materials with plasmonic nanostructures. Finally,
this investigation of moderate coupling in dispersive and
absorptive plasmon nanostructures ﬁlls the gap of quantum
optical properties lying between strong and weak coupling.
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APPENDIX: DYNAMICS OF THREE SOLUTIONS
AND INITIAL-STATE DEPENDENCE
In this Appendix, through the dynamical processes, we
presentadetailedveriﬁcationofthestabilityofmultisolutions.
The nonlinear items in the master equation contributed by
the self-interaction are the mathematical origin of the multi-
FIG. 6. Population dynamics of the EIT solution. The QD would
evolve to the EIT solution if the initial state were |ψ(0) =| 1 .  p =
−0.5 ; other parameters are the same as in Fig. 5.
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FIG. 7. Instability of the second solution. The ρ(∞) is either the EIT (a, b) or the GWI (c, d) solution according to different initial states
ρ(0) (very close to the second solution). Dashed lines show the steady-state population distribution for three solutions. Parameters are the same
as in Fig. 6.
solutions. There exists only one solution when the coupling
between the QD and the MNP is weak. However, when the
distance between the QD and the MNP is decreasing, the
self-interaction is enhanced and multisolutions appear. In the
steady state, there are three solutions at most, which is in
agreement with the situation of the hybrid two-level QD-MNP
system [9,10]. However, by the dynamical evolution from
different initial states, it is veriﬁed that the ﬁrst (EIT) and
third (GWI) solutions are stable, while the second solution is
unstable.
To illustrate the multisolution property of this hybrid
system, the real and imaginary parts of ρ31 as a function of the
FIG. 8. Population dynamics of the GWI solution. The QD would evolve to the GWI solution if the initial state were |ψ(0) =| 2  [for (a)
a n d( b ) ]o ram i x e ds t a t eρ11(0) = 0.96, ρ22(0) = 0.04 [for (c) and (d)]. Dashed lines show the steady-state population distributions for GWI
and EIT solutions. Parameters are the same as in Fig. 6.
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probe detuning  p/ are shown in Fig. 5. In addition to the
trivialEITsolution(blackcurve),thereexisttwonewsolutions
(blue and red curves). The ﬁrst is the EIT solution, which is
characterized by ρ11   ρ22. In this case, the self-interaction is
very weak, thus the majority of the populations is in level |1 ;
i.e.,ρ32 isnear0.TheimpactoftheMNPontheQDisonlythe
near ﬁeld of the bright plasmon excited by the incident control
ﬁeld. The splitting of sidebands in the EIT window increases
as the distance R decreases due to the weak QD-plasmon
interaction [45]. This steady solution can be obtained under
the condition that the initial state of the QD |ψ(0) =| 1 
(See Fig. 6).
The second solution shows a similar property of the popu-
lation distribution (ρ11 >ρ 22) to the EIT solution. However, it
is hard to ﬁnd an initial state which will evolve to this solution.
Even if we set the initial state to be very close to this solution,
the state will evolve to other solutions. As shown in Fig. 7,
we introduced two different minor deviations to the second
solution and then set them to be the initial state, but ﬁnally,
ρ(∞) is either the EIT or the GWI solution. Thus we can
conclude that the second solution is unstable and we have
discarded it in the physical discussions.
There are more populations in state |2  than in state |1  for
the GWI solution. In this case, the feedback ρ32Gc of dark
plasmons is large, which leads to an energy transfer from the
MNP to the QD. After the dynamical evolution of the GWI
solution is performed, we found that it has the advantage of
easy accessibility. If the initial state is set to be |ψ(0) =| 2 ,
the QD will evolve to the GWI solution [Figs. 8(a) and 8(b)].
However, as shown in Figs. 8(c) and 8(d), this GWI solution
can be obtained even if there are more populations in state |1 
(96% of populations are in state |1  for this case) than in state
|2  at t = 0. This effect may provide a platform for quantum
state preparation and population transfer [7,46,47].
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